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1. NUMBERS  
 

§1.1. Counting Numbers 
 The first number you would met in kindergarten are the counting numbers 1, 2, 3, … 
You first learnt to count and later, in Primary School, you learnt about Arithmetic. Arithmetic 
is the science of adding, subtracting, multiplying and dividing numbers. 
 You would then have learnt about fractions, with the help of pictures of a cake that is 
cut in half, or thirds, or quarters. 
 It probably never occurred to you to ask, “exactly what is a number?” Number is a 
very abstract concept. You were probably shown pictures of 3 ducks, 3 oranges and 3 
umbrellas and gradually it would have dawned upon you what these all have in common. 
“Three is not a colour, and it doesn’t mean something living. ‘Threeness’ is a property that 
doesn’t depend on what the things are. It just means that you can point to them one by one 
and recite the number list, and you discover that when you point to the last one you’re reciting 
the word ‘three’. 
 It’s interesting that in all the examples they give kindergarten children the pictures are 
always of a certain number of identical, or similar, items. I once heard of a young child who 
could count three ducks and three oranges but. when confronted with a picture of a duck, an 
orange and an umbrella. she was stumped because the objects were all quite different. 
Somehow we’ve learnt that the things you count can be quite different. How many things can 
you see in the following picture? 
 
 
 
 
 
 
 
 
 
 If you said “three” you’ve realised that you can count things even if they aren’t the 
same. 
 
§1.2. Fractions 
Now we graduate from kindergarten to Primary School. There we learnt about fractions, with 
the help of pictures of cakes and pies. 
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A fraction is really quite a sophisticated concept. It combines two numbers and is written with 
one on the top (called the numerator) and one at the bottom (the denominator). They’re 
separated by a short line. 
 
With the fraction 3

4 the numerator is 3 and the denominator is 4. It represents that part of a 
whole that you’d get if you divided the whole thing into 4 equal parts and took 3 of them. The 
denominator gives the number of parts altogether and the numerator is the number that are 
selected. 
 
Now what makes fractions so difficult is that in some cases different looking fractions can be 
considered to be the same. If we divided the cake into 8 equal parts and took 6 of them you’d 
have exactly the same amount of cake as if you took 3 out of 4. Strictly speaking there’s a 
difference between 3

4 and  
6
8 in that the slices are smaller in the latter case. But this is not 

considered to matter. We say that these are equivalent fractions, though if we’re considering 
fractions as numbers they are the same number. 
 
If a number divides both the numerator and the denominator we may divide top and bottom 
by that common divisor and get an equivalent, that is equal, fraction. This process is called 
cancelling. If we start with 9

12 we can cancel numerator and denominator by 3 to get  
3
4 . So 9

12  

=  
3
4 . Similarly 75

100 =  
15
20  by cancelling by 5. But we can cancel yet again by 5 to get 34 . 

 
Starting with any fraction we can always cancel until no further cancelling is possible. This 
means that there’s no common divisor of the numerator and denominator. When we reach this 
form we say that the fraction is reduced. The fraction 34 is reduced, while the equivalent form 

 
75

100 is not reduced. So the word ‘reduced’ refers to the way the fraction is written, not to the 
number itself. 
 
Example 1: Reduce 150

720 . 
Solution: We might try to find the greatest common divisor and do it all in one go, but there’s 
no need. We can reduce it piecemeal. 
150
720 =  

15
72  by cancelling by 10 

       = 5
24 by cancelling by 3.   

No further reduction is possible. So the answer is 5
24 . 

 
So far we’ve only considered fractions where the top is smaller than the bottom. Such a 
fraction is called a proper fraction. But there are improper fractions such as 15

4  . You might 

say that  
15
4 is impossible because you can’t cut a cake into 4 pieces and give somebody 15 of 

them! But who said that you only have one cake? If you take 4 cakes and cut them into 
quarters you have 16 quarters. You can certainly give somebody 15 of them. But wouldn’t the 
fraction be 15

16 ? Indeed it would be if you wanted to know what fraction of the total feast was 
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being given to the lucky boy. But if we wanted to how many full-size cakes he gets the 
answer would be 15

4  . That is 15 pieces, each being a quarter of a cake. 
 
Now this would be as much cake as you’d get in 3 full cakes plus 3 quarter pieces.  We write 
this as 3¾. So the improper fraction can be written as a whole number plus a proper fraction. 
This is the case with all improper fractions. 
 
Example 2: Write 18

7  as a whole number plus a proper fraction. 
Solution: We divide 7 into 18. It goes twice with a remainder of 4. The remainder gives the 4 
pieces left over. Each of them is 17  so the remainder represents  

4
7 . So the whole number is 2 

and the proper fraction is 47 . 
 

TO CONVERT AN IMPROPER FRACTION TO A COUNTING NUMBER PLUS A 
PROPER FRACTION: 

Divide the denominator into the numerator. The whole number is the number of times it 
goes. The proper fraction is the remainder over the denominator. 

 
Example 3: Write 52

5  as a counting number plus a proper fraction. 

Solution: 5 goes into 52 ten times, so write down 10. The remainder is 2 so write down 2
5 . 

The answer is 10  
2
5 . 

 
To go back the other way we convert the whole number into a fraction and add it to the proper 
fraction. So 31

7  =  
21
7 + 17  =  

22
7 . 

 
TO CONVERT A COUNTING NUMBER PLUS A PROPER FRACTION TO AN 

IMPROPER FRACTION: 
Multiply the counting number by the denominator of the proper fraction. This is the 
numerator of the improper fraction. The denominator of the improper fraction is the 

same as the proper one. 
 
Example 4: Write 74

9  to an improper fraction. 

Solution: 7 times 9 is 63, plus 5 is 67. So the answer is 67
9  . 

 
The terms ‘proper’ and ‘improper’ suggest a value judgement, as if improper fractions don’t 
really exist. This language might reflect the way they were once thought of but these days 
both sorts of fraction are considered to exist. It’s just that they’re different types of fraction. 
You’ll shortly meet the terms ‘rational’ and ‘irrational’. The name ‘irrational’ might seem to 
suggest that they are somehow crazy. But that’s not the case. They are just different sorts of 
number. Later I will discuss ‘real’ numbers and ‘imaginary’ numbers. It’s true that at one 
stage ‘imaginary’ numbers were thought of as not really existing. But they proved so useful 
that mathematicians accepted them as having the same right to be considered as a genuine 
number as any other – just a different sort. 
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Sometimes with an improper fraction the denominator divides exactly into the numerator, 
with no remainder. In such a case it can be written as a counting number with no proper 
fraction. 
Example 5: Write 24

3   as a counting number. 

Solution: 24
3   = 8 since 3 goes into 24 eight times with no remainder. 

 
So, all counting numbers can be considered as fractions. For example the counting number 7 
is 71 . We can represent all fractions (that includes counting numbers) on a number line. 

To place a number such as 35
7  on the number line we divide up the interval between 3 and 4 

into 7 equal parts and count 5 of them to the right, from 3. 
 
§1.3. Doing Arithmetic With Fractions 
Now we’re going to revise how to add, subtract, multiply and divide fractions. The easiest of 
these operations is multiplication. 
 

TO MULTIPLY TWO FRACTIONS: 
• Multiply their numerators and multiply their denominators. 
• Cancel if possible. 

  
Example 6:  Simplify 5

24  ×  
14
15 . 

Solution: 5
24  ×  

14
15  = 5 × 14

24 × 15  =  
70

360  =  7
36 . 

But what would be simpler would be to cancel before we multiply.  We can cancel the 5 and 
15 by 5 and the 14 and 24 by 2.  It is usual to show cancellation by crossing out the numbers 
being cancelled and replacing them with the smaller ones.  So we write: 
                      1          7 
5
24  ×  

14
15  = 

5
24  ×  

14
15 = 

7
36 . 

                           12       3  
 
Division is almost as easy. 
 

TO DIVIDE FRACTIONS: 
• Invert and multiply. 

 
This means turn the fraction you are dividing by upside down and multiply. 

35
7  
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Example 7:  Simplify 15
49  ÷   

5
14 . 

Solution: 15
49  ÷   

5
14  =  15

49  ×   
14
5  = 37  ×   

2
1  = 67 .  We could write this as 1  

1
7 . 

 
Adding and subtracting fractions is a little harder. But not if the denominators are the same. If 
we’re adding so many 7ths to another lot of 7ths we add them just as if 7ths are apples. Two 
apples plus three apples is five apples.  So two 7ths plus three 7ths is five 7ths, that is 27  +   

3
7  = 

5
7 . 

 
TO ADD (OR SUBTRACT) TWO FRACTIONS 
WITH THE SAME DENOMINATOR: 

• Add or subtract the numerators. 
• Keep the denominator. 
• Cancel if possible. 

 
Example 8: Simplify both 5

12  +   
1

12  and 5
12  −   

1
12 . 

Solution: 5
12  +   

1
12  = 6

12  =  
1
2 . 

                    
5
12 −    

1
12  = 4

12  =  
1
3 . 

 
What if the denominators are different? In that case we replace the fractions by equivalent 
fractions with the same denominator. That denominator must be a number that the 
denominators of both fractions both divide. This can be the product of the two denominators, 
but it’s most efficient if we find the least common multiple, or LCM. This is the smallest 
number that they both divide. Then we proceed as above.  
 

TO ADD (OR SUBTRACT) TWO FRACTIONS 
WITH DIFFERENT DENOMINATORS: 

• Find a common multiple of the two denominators 
• Replace each fraction by an equivalent one with that 

common multiple as denominator 
• Add (or subtract) as above 
• Cancel if possible. 

 
Example 9: Simplify both 5

12  +   
1
9  and 5

12  −   
1
9 . 

Solution: We could use a denominator of 12 × 9 = 108. 
Then 5

12  +   
1
9  = 45

108  +   
12

108  = 57
108  =  

19
36 . 

But a better denominator is 36 because both 12 and 9 divide 36. 
5
12  +   

1
9  = 15

36  +   
4
36  = 19

36 . 

And 5
12  −   

1
9  = 15

36  −   
4

36  = 11
36 . 
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§1.4. Rational Numbers 
Here we depart from the historical development of number. The next stage historically was 
the recognition of irrational numbers. The Greeks knew about these, whereas negative 
numbers, not to mention the number zero, was a relatively recent development – only a few 
centuries back. 
 
We’ll introduce negative numbers next, and introduce irrational numbers later. In this modern 
world negative numbers are quite common. Temperatures are often negative. Recently, in 
some countries, interest rates have gone negative. This means that if you put money in the 
bank you have to pay interest rather than receive it. 
 
Perhaps the greatest motivation for negative numbers is the number line. As you go left on the 
number line, counting down, you get: 

10, 9, 8, 7, 6, 5, 4, 3, 1. 
Why stop at 1. You can go left one unit from 1 so there should be a number to represent this 
point. That we call zero. 
 
For many centuries the number zero was considered unnecessary. After all why do you need a 
number for nothing at all? The answer is that you don’t if you simply want to count. But the 
whole system of writing our numbers in the Arabic system, with units, tens, hundreds etc 
needs the number 0. 
 
Before the Arabic system we had the clumsy Roman numerals. They’re OK for writing dates, 
at least for just writing years, but just try doing long division with numbers in Roman 
numerals! 
 
Our system, based on the number 10, is called the Arabic system because the West learnt of it 
from the Persians, about a thousand years ago. However the idea seems to have first emerged 
from India. 
 
Zero is in fact a valid counting number, because you can count nothing, and if a number like 
103 has no tens you need the symbol 0 to record that fact. But, for the purpose of writing 
counting numbers, zero is as far left as one need go. Yet walking left on the number line, 
when you get to zero you feel as though you’d like to keep going. The numbers to the left of 
zero are called negative numbers and they’re a mirror image of the positive whole numbers. 
We use the symbol ‘−’, called minus,  to indicate that a number is negative. So counting 
down from 10 we don’t stop at 1. We go down to zero, then minus 1, then minus 2, and so on: 

10, 9, 8, 7, 6, 5, 4, 3, 2, 1, 0, −1, −2, −3, …. 
Putting them in order, from smaller to larger, we get the negative numbers on the left and the 
positive ones on the right. 
  

It may seem strange to think of − 20 as being smaller than −1, but if you replaced the word 
‘smaller’ by ‘colder’, and these were markings on a thermometer, you’d agree that − 20 
degrees is much colder than − 1 degree. 
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Just as we have the mirror images of the counting numbers among the negative numbers, so 
all the fractions have their negative counterparts. The number −32

7  would be to the left of −3. 

We’d divide the interval from −4 to −3 and count two divisions to the left of −3. So −3  
2
7  

would be closer to −3 than to −4. 
 
The green dots (if you are seeing this in colour) represent −1 and −5 while the red dot 
represents −32

7 . (If you are reading this in black and white, the red dot is the middle one.) 
 
Now that we’ve included zero and the negative numbers we should learn the correct names 
for these number systems. The system consisting of the counting numbers, including zero, 
together with their negative reflections, is called the system of integers. These are sometimes 
called “whole numbers”. The system that consists of all fractions, together with zero and their 
negative reflections is called the system of rational numbers. Each of these numbers is the 
ratio of two integers. We now have to extend our arithmetic to deal with negative rational 
numbers as well as positive ones. 
 

HOW TO ADD A POSITIVE NUMBER TO A NEGATIVE ONE: 
• Temporarily ignore the minus sign attached to the negative one 
• Subtract the smaller number from the larger. 
• If the number after the minus sign is smaller you have your answer 
• If the number after the minus sign is larger make your answer 

negative. 
• If the numbers (without the minus sign) are equal your answer is 

zero. 
 
Examples 10: 

• 7 + (−2) = 5. Here the number after the minus sign is smaller so we just subtract. 
• 2 + (−7) = −5. We subtract 2 from 7 to get 5 but because the number after the minus 

sign is bigger we make our answer negative. 
• 7 + (−7) = 0. 
• (−8½) + 3 = −5½. We have 8½  − 3 = 5½  but because 8½, the bigger one, has the 

minus sign we must make our answer negative. 
• (−3) + 8¼  = 5¼. Since 3, the one with the minus sign, is smaller our answer is 

positive. We just subtract 3 from 8¼. 
 
Finally we need to know how to add two negative numbers. That’s easy. We just ignore the 
minus signs and add and then make our answer negative. 
 

HOW TO ADD TWO NEGATIVE NUMBERS: 
• Ignore the minus signs. 
• Add the numbers. 
• Make your answer negative. 

Examples 11: 
• (−5) + (−2) = −7. 
• (−1) + (−8) = −9. 
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Now for subtraction. We subtract by adding, after changing the sign of the one we’re 
subtracting. 
 

HOW TO SUBTRACT TWO NUMBERS 
• Change the sign of the one after the subtraction sign and then add. 

 
Examples 12: 

• 8 − (−3) = 8 + 3 = 11.  (Just pretend that the two minus signs come together to make a 
+ sign. 

• (−9) − 3 = (−9) + (−3) = − 12. 
• −11 − (−2) = − 11 + 2 = −9. 

 
Now we need to know how to multiply or divide numbers where one or both is negative. 
That’s very easy. You take away the minus signs and multiply or divide in the usual way. 
Then you work out whether the answer should be negative. If one number is negative then so 
is the answer. If both numbers are negative then the answer is positive. Just imagine the two 
minus signs getting together to make a + sign. Of course, if the answer is positive, we don’t 
have to write the + sign. 
 

HOW TO MULTIPLY OR DIVIDE TWO NUMBERS: 
• Ignore any minus signs. 
• Multiply or divide in the usual way. 
• If there was only one minus sign make your answer negative. 

 
Examples 13: 

• 6 × (−2) = − 12. 
• (−6) × (−2) = +12 = 12. Here the two minus signs make the + sign, which we can drop. 
• 4 × (− 1½) = − 6, since 4 × 1½ = 4 × 32  = 6. 

 
If you have several numbers to multiply in one go you ignore the minus signs and then look at 
the − signs. Each pair makes a + sign which you can throw away. So if there’s one − sign left 
over your answer is negative, otherwise it’s positive. 
 
Examples 14: 

• 2 × (−3) × (−7) × 4 = 2 × 3 × 7 × 4 = 6 × 28 = 168. Here the − signs are paired off 
exactly. 

• (−2) × (−1½)× (−5) = − 2 × 1½ × 5 = − 15. 
 
§1.5. Decimals 
A very useful way to write numbers is to use decimals. This is an extension of the place value 
system. When we write the number 234 this really means 2 hundreds plus 3 tens plus 4 units, 
that is 2 × 100 + 3 × 10 + 4. 
 
If a number is a little bit bigger than 234 we count the tenths and write the number of tenths to 
the right of the units. But we need to know where the units are so we write a dot after the 
units. If the number is 2 hundreds plus 3 tens plus 4 units plus 7 tenths we’d write this as 
234.7 and, from the position of the decimal point we know where the tenths are. 
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A number may be just a little more than 234.7 so we count the number of hundredths. 
Suppose there’s 1 hundredth. We’d write 234.71, meaning 

2 × 100 + 3 × 10 + 4 + 7
10 + 1

100. 
Perhaps there’s just a little more, say 4 thousandths more. Then we write 234.714, meaning 

2 × 100 + 3 × 10 + 4 + 7
10 + 1

100 + 4
1000 . 

 
You need to be able to convert fractions to decimals. You do this by dividing the denominator 
into the numerator. But instead of stopping, with a remainder, you put in a decimal point and 
keep going. 
 
Example 15: Convert 58  to decimals. 

Solution: 58  = 0.625 
      .625         
8)5.00000 
   4  8 
      20 
      16 
        40 
        40 
          0 
Note that you put a decimal point after the denominator and follow it was several zeros, as 
many as you need. 
 
Example 16: Convert 23  to decimals. 
Solution: 
      .6666         
3)2.0000 
    1  8 
       20 
       18 
         20 
 
It’s clear that the process will never end. So 23  = 0.666666 …., forever. 
 
Example 17: Convert 47  to decimals. 
Solution: 
      .5714285         
7)4.00000 
    3  5 
       50 
       49 
         10 
           7 
           30 
           28 
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             20 
             14 
               60 
               56 
                 40 
                 35 
                   50 
 
Again the process will never end, and we’ll be going around in circles. So 

4
7  = 0. 5714285714285714285714285 …. 

 
 This is what is called a recurring decimal. They can be written compactly by putting 
a dot over a repeating digit, or over the first and last digits of a repeating block of digits. 
 
Examples 18: 

• 2/3 = 0.66666666666666………. = 
•

6.0  

• 22/7 = 3.14285714285714………  = 
••

742851.3  
 
Even decimals that appear to terminate can be considered as recurring. For example ¼ could 
be written as 0.250000 …. but we don’t need these extra 0’s. 
 
An interesting special case is a recurring decimal that ends with repeated 9’s. They can be 
written in another way as a terminating decimal (or a decimal that ends with recurring 0’s).  
 

Example 19: 
•

956.3  = 3.57. 

You night argue that 
•

956.3 , being 3.5699999 ….. is just a little bit less than 3.57. But, if so, 

what number lies halfway between 
•

956.3  and 3.57? There are none, and so these two 
numbers are equal. 
 
Do all numbers have recurring decimal expansions? Certainly all rational numbers do. You 
can see that because when you carry out the long division process there are only so many 
remainders you can get. Eventually you’ll repeat a remainder and, when you do, the process 
must repeat exactly from then on.  
 
But there are numbers that don’t repeat. These are numbers that can’t be written as a fraction. 
Are there any such numbers? The Greeks believed that all numbers were rational, until they 
considered the square root of 2. Euclid showed that there was no fraction whose square is 
exactly 2. If there was such a fraction then the numerator squared would be exactly twice as 
big as the denominator. But every whole number squared has to have an even number of 
factors of 2. Yet if √2 (meaning the positive square root of 2) the numerator squared would 
have to be exactly twice as big as the denominator and so it would have an odd number of 
factors of 2. If you find this hard to follow just accept it. When you learn algebra we can 
express the argument more clearly. 
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Clearly the square root of 2 is a number. It’s the length of a certain right-angled triangle. 
 
 
 
 
 
 
 
 
You see, another Greek, Pythagoras, showed that with any right-angled triangle the square of 
the hypotenuse (the longest side) is the sum of the squares of the two shorter sides. In this 
case the hypotenuse squared is 12 + 12 = 2 so the hypotenuse is √2. 
 
So √2 is a number, but it is not a ratio of two whole numbers. Such numbers are called 
‘irrational’ numbers. The word sounds like such numbers defy logic, or are mad in some way. 
But irrational here means simply ‘not a ratio’. 
 
The decimal expansion of √2 is 1.41421356 …..  The decimal places that follow don’t obey 
any obvious pattern. 
 
§1.6. Small Proportions 
We know what we mean when we say that half of all pupils at a school are girls, or three 
quarters are from overseas. But when the amounts are small fractions are not the best way of 
describing proportions. We know what we mean when we say that one in every 20 men are 
unemployed, but if it’s the case that one in every 17.6 women are unemployed that seems a 
bit clumsy. 
 
A better system is to use percentages. The phrase “per cent” is really made up of two Latin 
words: “per” meaning “for every” and “cent” meaning “a hundred”. So instead of saying “one 
in every 20” we would say “five in every hundred” or “five percent”. And “instead of saying 
“one in every 17.6” we’d say “5.68 in every hundred” or “5.68 percent”. Where did the 5.68 
come from? Well we divided 100 by 17.6 and got approximately 5.68. 
 
There is a special symbol for percentages. It is ‘%’. So 
five percent would be written as 5%. Just remember that 
this means 5 in every hundred. And 5.68% is easier to 
grasp than one in 17.6. It’s interesting that the % 
symbol is made up of a line and two circles. If you 
rearrange these you can get /00, or 100. When you see 
the percentage sign you can see the number 100. 
 
To convert a fraction into a percentage we simply 
multiply by 100. So “one in 20” as a fraction is 1

20  and 

so as a percentage it is  
1
20 × 100 percent or 5%. One in 17.6 is 

1
17.6 and so as a percentage it is 

 
1

17.6 × 100 = 5.68%. Sometimes we have fractions that are not just one in so many. We might 

1 1 

1 

√2 
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say that three quarters of families have more than one child. As a fraction, three quarters is 34.  

As a percentage it is 34 × 100 per cent, which is 75%. 
 

TO CONVERT A FRACTION TO A PERCENTAGE MULTIPLY BY 100. 
 
Example 20: What is 58 as a percentage? 

Solution: Multiply by 100. So it is 58 × 100 percent, that is 62.5%. Note that  
500
8 = 125

2  = 62.5. 
 
A special case is where the fraction is the whole lot. We might say “all dentists recommend 
Smilodent toothpaste”. As a fraction this is just 1. For example if there were 20 dentists in the 
survey, and they all recommended Smilodent, the fraction would be 20

20 = 1. As a percentage 
this would be 100%. So 100% of dentists recommend Smilodent. 
  
There are certain other fractions that occur frequently and where, with bit of practice, you 
remember them and don’t have to work them out. Check one or two of them in this list to 
assure yourself that in each case we have simply multiplied by 100. 
 

FRACTION PERCENTAGE 
1
2  50% 

1
3  33% (actually 33.33…%) 

2
3  67% (actually 66.66…%) 

1
4  25% 

3
4  75% 

1
5  20% 

2
5  40% 

3
5  60% 

4
5  80% 

1
10  10% 

1
20  5% 

1
100  1% 

 
To convert a percentage back to a fraction we simply divide by 100. So 35% is the  fraction 
35

100 =  
7

20 . 
 

TO CONVERT A PERCENTAGE TO A FRACTION DIVIDE BY 100. 
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Example 21: What is 12% as a fraction? 
Solution: Just remember that this just means 12 in every 100, so 12% is 12

100 =  
3

25 . 
 
§1.7. Small Changes 
Frequently a percentage describes a change in something. For example if you invest money 
you get interest, and the interest is proportional to the amount of money you’ve invested. If 
you invest $100 at 3% interest, the amount of interest after one year is $3. Interest rates are 
usually quoted ‘per annum’, which is Latin for ‘every year’. 
 
But the important thing is that, at the end of a year, you now have $103. It’s important to 
remember that in the second year you get 3% of $103, that is 3

100 × 103 dollars, that is $3.09. 
You get more interest in the second year because the interest from the first year also earns 
interest in the second. This is what’s called compound interest. So after two years your 
balance will be $106.09.  
 
Now one of the things that you quickly learn about percentages is that you can’t add or 
subtract them. You might think that 3% interest in the first year plus 3% interest in the second 
means that you earn 6% interest over the two years. But instead of having $106 you’ll have 
$106.09. So 3% + 3% = 6.09%. 
 
You see percentages don’t obey the usual rules of addition. If we left our $100 to accumulate 
over 20 years would we get 60%, that is $60 interest? No. Because of compound interest we’d 
get over $80 after 20 years. Consider the following example. 
 
Example 22: Suppose you invest $1000 in shares in a mining company. The first year you 
make 30% and the second year you make 20%. But in the third year you lose 50%. No 
worries. You are back to $1000 because 30% + 20% − 50% = 0%. Right? 
 
Wrong!. After the first year your investment would be worth $1300. In the second year you 
earn 20% of $1300, which is $260. Your investment is now worth $1560. In the third year 
you suffer a loss of 50%. That’s half the value wiped off. Your investment is now worth only 
half of $1560, which is $780. This is a loss of $220, or 22%. 
 
So, 30% + 20% − 50% = − 22%. This is a strange arithmetic indeed. 
 
The moral of this example is: 
 

YOU CAN NEVER ADD OR SUBTRACT PERCENTAGES. 
 
There are two things you can do. You can work out the increases or decreases in dollars, or 
people, or whatever the items are. This is what we did in Example 3. Or you can multiply 
factors. This is by far the easiest method. 
 
Every percentage increase or decrease is equivalent to multiplying by some factor. A 10% 
increase corresponds to a factor of 1.10. This is because $100 becomes $110. A 5% increase 
corresponds to a factor of 1.05. A 10% increase followed by a 5% increase corresponds to the 
factor 1.10 and 1.05, which we must multiply. This gives a combined factor of 1.155. 
Converting back to a percentage this is 15.5%. 
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A 20% decrease corresponds to a factor of 0.80. This is because $100 becomes $80 if we lose 
$20, or 20% and 100 × 0.80 = $80. So a 20% increase followed by a 20% decrease 
corresponds to factors of 1.20 and 0.80. Since 1.20 × 0.80 = 0.96 this represents a 4% 
decrease overall. 
 

TO CONVERT A PERCENTAGE INCREASE TO A FACTOR: 
DIVIDE BY 100 AND ADD 1. 

 
Example 23: A 17% increase corresponds to a factor of 1.17. A 4% increase corresponds to a 
factor of 1.04. A 17½% increase corresponds to a factor of 1.175 (because 17½ = 17.5). 
 

TO CONVERT A PERCENTAGE DECREASE TO A FACTOR: 
SUBTRACT FROM 100 AND THEN DIVIDE BY 100. 

 
Example 24: A 17% decrease corresponds to a factor of 0.83, since 100 − 17 = 83. This 
becomes 0.83 when we divide by 100.  A 4% decrease corresponds to a factor of 0.96. A 
17½% decrease corresponds to a factor of 0.825 (because 100 − 17½ = 82.5). 
 

TO ADD OR SUBTRACT PERCENTAGES: 
• CONVERT THE PERCENTAGES TO FACTORS 

• MULTIPLY THESE FACTORS 
• CONVERT BACK TO A PERCENTAGE 

 
Example 25: The population of a rare bird on an island is 800. In the following year there’s a 
decrease of 15%. The next year there’s a 10% increase and in the third year a 12% increase. 
In the fourth year there’s a decrease of 7%. How many of these birds will there be at the end 
of the fourth year? 
Solution:  15% decrease corresponds to a factor of 0.85. 
10% increase corresponds to a factor of 1.10. 
12% increase corresponds to a factor of 1.12. 
7% increase corresponds to a factor of 0.93. 
Multiplying these factors we get 0.85 × 1.1 × 1.12   0.93 = 0.973896. 
This is a decrease of 2.6104% since 1 − 0.973896 = 0.026104. But we don’t need to work out 
the percentage decrease. While we still have the overall decrease as a factor we simply 
multiply it by 800, to get 0.973896 × 800 = 779.1168. Of course we’d report this as a 
population of 779 birds, or we might even round it off to 780. 
 
But if we multiply factors when we add increases shouldn’t we divide when we multiply 
decreases? No, the different way we treat increases and decreases already takes into account 
as to whether they are increases or decreases. We always multiply the factors whatever the 
changes are. 
 
Also you should note that the order of the increases and decreases doesn’t matter since we can 
multiply the factors in any order. his comes in handy if there are a lot of increases or 
decreases by the same amount. 
 
Example 26: I invest $400 in the bank at 5% interest per annum. However at the end of year 
3 the interest decreases to $3% but in the 10th year it goes back to 5%. How much will I have 
after 10 years? 
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Solution: The factor for 5% is 1.05 and for 3% it is 1.03. So the factor for the whole 10 years 
is 1.05 × 1.05 × 1.05 × 1.03 × 1.03 × 1.03 × 1.03 × 1.03 × 1.03 × 1.05. This can be written as 
1.054 × 1.036. Scientific calculators have a yx button. To get 1.054 you enter 1.05 yx 4. For the 
whole calculation you would press the following buttons: 
 

1 . 0 5 yx 4 × 1 . 0 3 yx 6 = 
 
The answer will be 1.451378… 
 
Some calculators put in “^(“ when you press the yx button. The symbol ‘^’ means ‘to the 
power of’ and after putting in the power you must press the parenthesis button. Some 
calculators have an Ans button instead of an equals button. 
 
We then multiply this by our initial investment of $400 to get $580.55, the amount that will 
be in our account after 10 years. 
 
§1.8. The Number Pi 
The number π, pronounced “pi”, is defined to be the ratio of the circumference of a circle. In 
the Bible, in I Kings 7:23, it is said to be 3. A certain container is described as being 10 cubits 
across and 30 cubits round. 
 
Some people have argued that this shows that God is a poor mathematician, because 3 is a 
very crude approximation for π. Such people seem to have never heard of the phenomenon of 
rounding when you’re telling a story. But some commentators have gone back to the original 
Hebrew, where the letters have numerical equivalents, and argue that the value of 333/106 can 
be inferred, which is a fairly accurate rational approximation of π. It could be that they were 
doing two things – giving the more natural rounded approximation while embedding a very 
good approximation in the text. I’m not a Hebrew scholar, and to me this sounds a bit far 
fetched. Anyway I have learnt a lot of very deep truths in the Bible but I wouldn’t go to it for 
mathematics or science! 
 

At school we learnt that π is 22/7, but a careful 
teacher should have explained that this is only a 
good approximation. A better approximation is 
355/113. 
 
The fact that π can’t be expressed exactly as a 
fraction that is, π is irrational, means that if we 
want to write it down exactly we must resort to 
using a special symbol. So we write it as π. So the 
circumference of a circle of radius r as C = 2πr and 
the area as A = πr2. 

 
Example 27: π =  3.14159265358979323846264338327950288……………… 
This decimal expansion is non repeating, and has no discernible pattern. 
 A recent book, which became an excellent film, is The Life of Pi. If you’ve seen it 
you’ll know that isn’t really about mathematics. The main character was named after an uncle 
who was an excellent swimmer and who trained in a swimming pool that contained the word 
‘piscine’, being the French word for swimming pool. Young Piscine, as he was called, got 
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ragged at school for such a name and so he 
shortened it to Pi. But he learnt to memorise the 
value of π to hundreds of decimal places, which 
won him the admiration of his classmates, and 
confirmed the name Pi. 
 
The number π has been computed to over 5 trillion 
decimal places and no pattern has been detected. 
Certainly there’s no sign of it repeating. But even 
5 trillion decimal places can’t answer the question 
as to whether the expansion eventually repeats. 
 
This is a good example to show that although computers are extremely useful tools in 
mathematics, they’ll never replace mathematics. A computer, spewing out the digits of π, can 
never, in finite time, answer the question “do the digits of π repeat?” Yet a theorem in 
mathematics proves that the answer is “no”. 
 
§1.9. Real and Imaginary Numbers 
Decimal numbers fill out the gaps on the number line. These gaps aren’t obvious because the 
rational numbers are tightly packed. But π, for example is represented by a point on the 
number line just to the right of 3. There are rational numbers very close to π. In fact you can 
find rational numbers as close as you like to π, or any other irrational number. But it, itself is 
not a rational number. 
 
All the numbers on a number line, all the decimals in fact – recurring or non-recurring – are 
called real numbers. This rather silly term arose when mathematicians began to dabble with 
extra numbers, such as the square root of −1. Now normally we’d say that negative numbers 
have no square roots. How can they? A positive number squared is positive and so is a 
negative number squared. Such a number would be neither positive nor negative. And it 
clearly isn’t zero. So where on the number line could such a number be placed? 
 
The answer is that it would not be on the number line at all. It would be placed above 0, in a 
number plane. These made-up numbers were felt not to exist. Yet they turned out to be 
extremely useful. So to satisfy their mathematical conscience they called them imaginary 
numbers. The ones on the number line were then called real numbers. 
 
At this stage you only need to know about real numbers. But it doesn’t hurt to venture a little 
bit further than you need to in order to see what lies beyond. 
 
The square roots of −1 were written as ± i. These are numbers whose square is −1. The point 
representing i is placed one unit above 0 on the number plane (the horiozontal axis through 0 
is the real number line). Then going up the imaginary axis we have 2i, 3i, … One unit below 0 
on the imaginary axis is −i and below that are −2i, −3i, …  Between all these imaginary 
numbers are all the real multiples of i such as √2i and − ¼i. 
But we need to be able to add real numbers to imaginary numbers if we are to have a 
complete system of numbers. What is 2 plus 3i? The answer is 2 + 3i. This doesn’t seem like 
an answer – just another way of writing the question. Yet that is the simplest way we can 
write the answer. 
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We might ask, what is 2 divided by 3? The answer is 2
3 . But isn’t this just another way of 

writing the question? The bar just means ‘divided by’. Well, yes, but it’s also the answer. It 
can’t be simplified further. 
 
A number such as 2 + 3i is made up of two real numbers 2 and 3, along with the imaginary 
number i. It’s called a complex number, not ‘complex’ in the sense of ‘difficult’ but 
‘complex’ in the sense of being made up of smaller bits. 
Where do we represent a complex number like 2 + 3i on the number plane? Just 2 units to the 
right and 3 units up, starting from 0.  2 − 3i would be 2 units to the right and 3 units below the 
real axis.  −2 + 3i would be 2 units to the left of 0 and 3 units up. 
 

 
But are these complex numbers difficult to add 
subtract, multiply and divide? Nothing could be 
easier than addition, subtraction and 
multiplication. Division is just a little more 
difficult, so we’ll leave that to when you need to 
study complex numbers in depth. But here are 
some examples of addition, subtraction and 
multiplication. All you need to remember is that 
i2 = −1. 

 
Examples 28: 

• (2 + 3i) + (4 + 7i) = 6 + 10i. 
• (8 + 3i) − (5 + 5i) = 3 − 2i. 
• (2 + 3i) × (4 + 7i) = 8 + 14i + 12i + 21i2 

                                          = 8 + 26i + 21i2 
                                          = 8 + 26i − 26 
                                          = − 18 + 26i. 
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